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The primary interest of this investigation is to 
understand the surface elastic wave properties in pie-
zoelectric semiconductors and layered media. Generalized 
piezoelectric wave equations in piezoelectric semiconductors 
and layered media are derived. Systems considered are the 
piezoelectric semiconductor, the two layer piezoelectric 
insulator-semiconductor, the three layer piezoelectric in-
sulator-gap-semiconductor and the four layer piezoelectric 
insulator-gap-semiconductor-dielectric substrate. The 
eigenwave expansion and the iteration methods in the complex 
domain are used to solve the problems. Mathematically, it 
represents a solution of the eigenvalue boundary value 
problem which involves iteration of functions in the complex 
domain. Solutions obtained are eigenvalues and eigenvectors 
which include all the information from the wave equations 
and the boundary conditions. The numerical calculations have 
been conducted for the above mentioned cases, with the 
conductivity, diffusitivity, carrier mobility, drift velocity, 
gap width, semiconductor layer width, permitivity of the 
dielectric substrat and frequency as the parameters. The 
gain in db per centimeter for various cases has been cal-
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Piezoelectricity is one of the most interesting subjects 
relative to the physical properties of crystals, a historical 
review of the basic theory and applications may be found in 
Cady(l) and later texts by Nye( 2 ) and Mason(J, 4). Studies 
which dealt with the standing wave properties of crystal 
resonators for various cuts of the piezoelectric crystals 
in rods, platesand rings were initiated in the 1920's. A 
study of plane wave propagation in piezoelectric crystals was 
perfonred by Kyame(S) (1949), and the effects of conductivity 
and viscosity on wave propagation in piezoelectric crystals 
was also studied by Kyame (G) (1954). In the early and mid 
1960's, a series of papers by Hutson and White(?) reported 
on the attenuation and amplification of sound wave in 
bulk piezoelectric semiconductors. Such attenuation and 
amplification of the elastic wave in piezoelectric crystals 
was achieved by the acceleration of the charge carriers to 
a velocity comparable to the velocity of the acoustic wave 
in piezoelectric semiconductors, where an interchange of 
energy occurs between the acoustic wave and the space charge 
wave. A review o f these types of wave inte ractions may be 
found in texts by Wang(B) and Steel and Vural(g). The use 
of such de vices for amplication did not become popular be -
cause o f the insertion loss of the tra nsduce r s e spe cially 
at high freq ue ncy, however the use o f bulk waves in the 
elastic and piezoelectric materials has been widely applied 
2 
in the area of information processing, such as acoustic 
delay lines and filters. 
The existence of surface elastic waves is nothing new, 
it has been known since Lord Rayleigh's investigations(lO) 
in 1887. Since that time little has been done to expand 
our knowledge. As Farnel(l8) put it, "Little has been 
added to Rayleigh's analysis of the problem of propagation 
on an isotropic half-space except modification of notations". 
A historical review on this subject may be found in several 
texts such as Love(ll). Some modern texts which give more 
basic and extended treatment on the subject may be found, 
for example, in Fung(l2 ), Viktorove(l 3 ), Landau and Lifshitz( 14 ~ 
. (15) (16) (17) Maleck1 , Musgrave , and Fedorov . 
In the late 1960's, as a result of the development of 
the technology for the manufacture of integrated circuits, 
the fabrication of better transducers and wave guiding struc-
tures for surface elastic wave propagating and focusing at 
high frequencies was developed. The surface elastic wave 
has s everal advantages ove r the bulk e lastic waves b e cause 
of the geometrical freedom of getting at the surface wave, 
i. e. , sampling it, modifying it, interacting with it at 
the s urf ace . All t hese fac t ors have stimul ated r e s e arch 1n 
this area . An excellent review on the elastic surface waves 
. . . b Wh't (19,20) w1th references 1s g1ven y 1 e . 
The nume rical solutions o f the surface e lastic wa ve 
equation wi t h boundar y condit ions f or f r e e a nd me t a lized 
surfaces for piezoelectric insulators were first perf ormed 
3 
by Tseng and White( 21 ' 22 ) (1967) for the crystal group 6mm 
(CdS, CdSe, ZnO) and later by Campbell and Jones( 23 ) (1968) 
for the crystal group 3m (LiNb03 ), while for the piezoelec-
tric semiconductor case, it was performed recently by 
Swierkowski et a1( 24 ) (1973), utilizing a quasistatic approxi-
mation for the electric field. For the layer mediae systems, 
e.g., piezoelectric-gap-semiconductor system, such numerical 
solutions as mentioned above have not been found in the 
literature. 
The problems considered here are the surface elastic 
waves propagating on the surface of the piezoelectric semi-
conductors and the layer mediae, such systems have been used 
to obtain the space charge and acoustic wave interactions. 
For example, by applying an ac or de electric field to the 
piezoelectric semiconductors or the semiconductor layer 
adjacent to the piezoelectric materials, in a direction 
parallel or perpendicular to the surface elastic wave 
propagation direction; hence guiding, focusing, attenua-
tion, amplification, and signal correlation may be achieved. 
All this amounts to the electronic control of the surface 
elastic waves. The primary objective of this investigation 
is to deve lop a better understanding o f the above mentioned 
problems. Systems considered are the piezoelectric insulator, 
piezoelectric semiconductor and the layer mediae for the two, 
three , and f our layers. The generalized pie zoelectric wave 
equations and the boundary condi t i ons f or surface e las t ic 
4 
wave propagating on the surface of the piezoelectric materials 
are derived in Chapter III, a review of the basic equa-
tions which are used in the derivation are given in Chapter 
II. The solution method and numerical scheme for solving 
these wave equations with the boundary conditions is given 
in Chapter IV. Some of the calculated results, discussions, 
and conclusions are given in Chapter V and VI. The values 
of the elastic, piezoelectric, dielectric and the electric 
parameters of the semiconductors are taken from published 
d t (29-33) a a . 
5 
II. BASIC EQUATIONS 
The acoustic surface wave to be considered has a 
wave length much longer than the interatomic distance of 
the crystals, hence the crystals can be considered as a 
continuous media, thus stress, strain, elasticity, Hooke's 
law, Newton's laws, piezoelectric constant, Maxwell's 
equations, and the phenominological current equation were 
used to formulate the mathematical relation in this prob-
lem. The primary objective is to determine how the wave 
media responds to the surface wave propagation, the 
effects of the anisotropy, the presence of charged 
carriers, and the effects of an applied de electric 
field. As an acoustic wave propagates in a solid, the 
so-called bulk wave or (along the boundary of a solid) 
the so-called surface wave, a stress associated with 
this acoustic wave induces a local particle motion 
relative to its original position. Consequently, the 
strain, through the piezoelectric effect induces elec-
tric fields which may result in electrical currents in 
a conductive material. If a de electric field is applied 
s o that the charged carrie rs obtain a dri f t ve locity 
comparable to the acoustic wave phase velocity, then the 
drifting charge carriers may either absorb or give up 
energy to the acoust i c wave. All such e lectrical param-
eters will effect the acoustic wave in amplitude, phase 
velocity and the pene tration depth relative to the surface. 
6 
In the following few sections some fundamental equa-
tions are reviewed, which will be used to describe such a 
problem mathematically and enable one to carry out some 
numerical calculations on the mechanical displacements, 
electric fields, phase velocities and wave vectors of the 
surface elastic waves. 
2.1. STRESS, STRAIN, AND ELASTIC CONSTANT 
In the IRE Standards on piezoelectric crystals( 34 ), 
the components of stress tensor are designated by T .. lJ 
(i, j = 1,2,3) where the first subscript indicates the 
direction of force, the second indicates the unit area of 
a plane whose normal lies in this direction. If the body 
does not rotate then T . . = T .. , lJ Jl hence Tl2 = T2l' T32 = T23 
T3l = Tl3 are the shearing stresses while 
rp 
T22' and ~ll' 
T33 represent the normal stress. The components of strain 
t e nsor S .. are designate d in a similar fashion, exc ept the lJ 
shearing strain which is d e signated by 2s12 , 2s 23 a nd 2s 31 . 
and 
The strain is a dimensionless real number since it is defined 
by the ratio of distance s. I f u . (j = 1,2,3) is the dis-
J 
p l a c ement v ector o f the loca l media the n the strain is g ive n 
by 
au. 
s 0 I = l i = J. ax .' 
s .. lJ 
lJ 
J 
l au . au. 
= ( - l + __]_) i 2 ax . ax . , 
J l 
~ j (2.1.1) 
7 
auk auk 
where the second order term d.x. ax. was neglected in the 
l. J 
above definition because the displacements are considered 
to be small(l7). With the stress and strain and by 
introducing a constitutive constant cijk~ which is the 
elastic constant, one has Hook's law, i.e., 
T .. l.J (2.1.2) 
which defines the stress and strain linear elastic rela-
tion. The dimension of cijk~ must be the same as Tij 
since Sk~ is dimensionless, the elastic constant is a 
fourth rank tensor which contains 81 elements; due to 
the symmetry of Tij and Sk~' the maximum number of inde-
pendent components is reduced to 36, hence the above 
equation may be written in abbreviated form, i.e., 
T. = c .. S. l. l.J J i, j = 1, 2, ... 6 
Also, c .. and S. are defined in a similar l.J J 
manner. Because of the symmetry of strain and stre ss, 
the elastic constant has the follow i ng symmetrical 
properties 
These symmetrical properties reduced the number of 
elastic constant. 
2.2. EQUATION OF MOTION 
The equation of motion for a free elastic media is 
given by 
2 d u. 
]. 





j = 1,2,3 
8 
where pm is mass density of the media, substituting equa-
tions (2.1.1) and (2.1.2) into the above equation to 
eliminate the stress, one then obtains the equation of 
motion in terms of the displacement only , i.e., 
2 a u. ]. 
at2 
= 
remembering that S .. = S. . and vli th a little manipulation l.J Jl. 
i.e., expanding and rearranging the terms, the above equa-
tion may be written as: 
a2 
O. n P --2) 
]. x, m at 
= 0 
which are three coupled wav e equations coupled by the 
elastic constant cijk£ " For the convenience of later 
manipulations, the following notations are defined: 
Li the differential operator a. its eigenvalue = 6x. or 
Ljk 2 ]. d: its eigenvalue = dxjaxk or 
Lt a. 
= the differential ope rator a.t or its eigenva lue 
9 
then the wave e quation becomes 
or it may be written in matrix form 
jk_ tt 
cljklL pmL cljk2L jk cljk3L jk ul 
c2jklL jk jk tt c2jk2L -pmL c2jk3L jk u2 = 0 . 
jk jk 'k tt 
c3jklL c3jk2L c3jk3LJ -pmL u3 
One may see that the matrix operator is symmetrical. This 
matrix is the main part of the piezoelectric wave equation 
which will be seen in the next chapter. 
2.3. BASIC PIEZOELECTRIC EQUATIONS 
The word "piezo" is d e rived from the Greek word mean-
ing to press, hence the word "piezoelectricity" literally 
means pressure e l ectricity. It is probably because the 
word e l ectricity was originally d erived from Greek that 
Hankel proposed such a name after the brothers Pierre and 
Jacques Curie 's discovery in 1880 that certain crystals 
when pressed in particular directions , showe d posi-
tive a nd negative charges on certain surfaces . This 
10 
was no chance discovery. Pierre Curie's previous study 
of the relation between pyroelectric phenomena and crystal 
symmetry led to the result. Of the 32 crystal classes, 
21 of them lack an inversion center, 20 of them are piezo-
electric with only one exception that being the crystals 
of class 29. A historical review may be found in Cady's 
first chapter(!). Some of the theory may be found in 
other books( 2 ' 3 ' 4 ). 
The basic piezoelectric equation in IRE standard 
notation is given by 
T .. E = cijk£.8k£. e . .E l.J ml.J m 
D. eijk8 jk + 
s 
= E •. E .• 1. l.J J 
The superscript E of the elastic constant indicates the con-
stant is defined at a constant electric field E and the 
superscript s of the dielectric constant indicates it is 
defined at constant strain. Usually these superscripts are 
dropped by simply writing 





whe r e i ,j,k, £. = 1, 2,3 as me nti oned befo re and the coor dinate 
system coincides with the crystallographic axis. cijk£. is 
11 
the elastic constant previously defined and e . . is called the 
mJ.] 
piezoelectric constant with dimensions of coulomb/meter 2 
where E .. is the dielectric permittivity with dimensions of l.J 
farad/meter. Equation (2.3.1) is the expression for the 
total external mechanical stress, T .. as related to both strain 
l.J 
Skn and electric field E , hence e .. is sometimes called the 
x- m mJ.J 
piezoelectric stress constant. D. is the electric flux 
J_ 
density with the dimension of Coulomb/meter 2 ; equation 
(2.3.2) is the expression for the total electric flux 
density as related to the electric field and strain. 
2.4 MAXWELL'S EQUATION IN TENSOR NOTATION 
In a formulation and calculation of this problem, one 
has to deal with tensor of rank greater than two, hence the 
tensor notation of Maxwell's equation is much easier to 
manipulate than the vector form. Since the tensor notation 
of Maxwell's equation is not often seen in standard elec-
trical engineering textbooks, the two notations for Maxwell's 
equations are given for a comparison: 
a. Vector Form. 








- d t . 
2. Two dependent equations 
V •B = 0 
il·n = p . 
3 . Constitutive equations 
--B = ).lfi 
=-D = EE 
--J = aE. 
b. Tensor Notation 




-L p . 
2. Two depende nt equation s 
12 
13 
LiD. = p l • 
3. Constitutive equations 
B. = ).1 •• H. l lJ J 
D. = E. .E. l lJ J 
J . =a . . E .• l lJ J 
It is noticed that the current density J. in semiconducting 
l 
material may have additional terms due to density and tempera-
ture gradients; and the D. in a piezoelectric material is 
l 
also realted to the strain of the electric flux density as 
well as the electric field in the material. The permeability 
in most piezoelectric material may be considered to be 
isotropic and equal to the permeability of free space; 
thus the constitutive relation between B. and H. is simp l y 
l l 
B . = ).1 H .• 
l 0 l 
(2.4.3) 
Taking advantage of the above relation one can readily 
eliminate B . a nd H. in Maxwell's equ a tions which leads to 
l l 
a wave equation in terms of the e lectric field. In 
piezoelectrical material only the electric field E., the 
l 
electric flux density D. and t h e current density J . are 
l l 
of interest. By using equations (2.4.1), (2.4.2), a nd (2.4.3) 
B. and H. may be eliminated, where the familiar vector 
l l 
14 
notation electrical field wave equation is 
Vx"Vx:E 
and the tensor notation is 
t t 
-)1 L (J . +L D.). 
0 1. 1. 
One may expand the left hand side of above equation and 
rearrange the terms in the form 
t tt 
-)1 (L J.+L D . ). 
0 1. 1. 
(2.4.4) 
This equation will be used in the formulation of the piezo-
electric wave equation. For an insulator with 
D . = E: .. E. 
1. l.J J 
the wave equation may be ·written in matrix form 
ll E: Ltt_L22_L33 tt 12 tt 13 )lo E: l2L +L )lo E: l3L +L El 0 11 
Ltt+L21 ll E: Ltt_L33_Lll tt 23 E2 =0. )lo E: 23L +L llo E: 21 0 22 
tt 31 tt 32 ll E: Ltt_Lll_L22 E3 )lo E: 31L +L )lo E: 32L +L 0 33 
Note that this matrix is symmetric. If the material is 
piezoelectric, the wave equation will be coupled to the 
elastic wave equations by the piezoelectric constants. 
2.5 CURRENT EQUATIONS 
15 
In semiconductors carrier densities are usually rela-
tively large, which implies a long wave excitation of the 
charges, i.e., kl<<l and kA0 <<1 where k is the wave vector 
(2TI/A), A is the wave length, 1 is the carrier mean free 
path, AD is the Debye length. So that the charge carrier 
may be considered in the collective mode, characterized by 
a few observable parameters, such as average density, mean 
drift velocity and average pressure (measured by the dif-
fusion constant) . Such a treatment of the mobil charge 
carriers is the so-called hydrodynamic model(g). 
Current flow(S) in semiconductor arises from the mobil 
charge carriers in both conduction and valance bands by 
means of the motion electrons and holes. The current 
equation in semiconductors in general contains two parts: 
the drift current and the diffusion current. The drift 
current is due to the presence of an external electric field 
in which case the charge carriers experience a force 
F = qE 
16 
and hence an acceleration a 
where m* is the effective mass of the charge carriers. Due 
to the collisions with phonons, impurities or lattice defects 
the charge carriers drift at an average velocity v, i.e., 
v = aT 
where T is the carrier mean free time. The drift current 
for electrons may be given as 
J = qnv 
where n is the electron density and the above equation holds 
only for a carrier drift velocity much smaller than its 
thermal velocity, this is equivalent to saying that the mean 
free path £ or mean free time T are not f unctions of the 
applied electrical field. Then the carrier drift velocity 
is a linear function of the applied electrical field and a 
mobility tensor lJ .. may then be defined as 
l] 
v. = lJ . . E. 
l l] J 
and current density may have the form 
J. = qnu .. E. 
l lJ J 
or in terms of conductivity, i.e., 
J. = a . . E . l lJ J 
where a . . is the conductivity tensor which is the most lJ 
easily observed quantit¥. 
17 
The diffusion current arises when there is a spatial 
variation in density of mobil charge carriers, the random 
thermal motion of the charge carriers contributes a net 
current flow from the high density region to the low 
density region, hence the diffusion current density may be 





= qD . . L n lJ 
for electrons, where D. . is a diffusion tensor. lJ 
The total current equation in semiconductors is the 
sum of the dri f t current and the diffusion curre nt, thus 




= a .. E . +q D .. L n. 
lJ J lJ 
The drift current may have various forms as previously 
stated. 
I f a n equ ilibrium d e c u rrent i s per turbed by a s ma l l 
ac current, then the current density equation becomes mo r e 
complicated for the small signal case , the ac terms may 
18 
be treated as perturbations of the electric field, carrier 




E. = + fE. J J J 
0 I 
n = n + fn 
I 
J. = J'? + fJ. 
1 1 1 
where the prime terms are the perturbations and the zero 
superscripts correspond to the de terms and f is introduced 
to aid in distinguishing the order of magnitude, then 
the current equation becomes 
oo 1 0 o 1 2 11 j' 
= qlJ .. (n E. +fn E. +fn E. + f n E.) + f qD . . L n 
1] J J J J 1] 













E : +q ( v . + D . . L j ) n 1 J . 1 1] 
0 
q~ . . n 
1] 
0 ~ .. E. 
1] J 
(2.5.1) 
( 2 . 5 .2) 
19 
one may see that n drifts at a velocity determined by the 
field E~. This is the factor which gives rise to the 
J 
attenuation or amplication of acoustic waves in a piezo-
electric semiconductor or piezoelectric insulator-semi-
conductor system. From now on the small ac current 
expression equation (2.5.2) will be written as 
J . = 0 . . E . +q ( v . + D . . L j ) n . 
1 1] J 1 1] 
(2.5.3) 
20 
III. PIEZOELECTRIC WAVE EQUATIONS 
In this chapter the generalized piezoelectric wave 
equations will be derived along with the boundary conditions 
for the elastic surface waves. Five systems are considered: 
(l) the piezoelectric insulator interface with a vacuum, 
(2) the piezoelectric semiconductor interface with a 
vacuum, {3) the piezoelectric insulator interface with a 
semiconductor but no mechanical contact, (4) same as system 
(3) but with a gap between the two materials, and (5) 
piezoelectric-gap-semiconductor layer-dielectris system. 
System one has been well studied; numerical calculations 
for 6mm and 3mm crystals have been given by Tseng and 
White( 21 , 22 ), and Campbell and Jones( 23 ), respectively. 
Nevertheless, it is the most basic system and a general form 
of the wave equation will be given without resorting to the 
quasistatic approximation of the electrical field. In the 
following sections, the generalized piezoelectric wave 
equation will be derived in conjunction with the boundary 
conditions for the surface wave of the Raleigh type and 
the electroacoustic wave which only exists in the piezo-
electric material may be easily obtained from the genera-
lized piezoelastic wave equations. The geometry configura-
tion of the f ive (5) systems can be seen in F i gure 3.0.1. 
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Vacuum or air Vacuum or air 




















Figure 3.0.1. Confi~uration of the Five Systems 
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3.1. GENERALIZED SURFACE WAVE EQUATIONS FOR PIEZOELECTRIC 
INSULATOR--SYSTEM ONE 
Recall the piezoelectric equations given in Chapter 
2, which are the generalized Hook's Law and electrical flux 
density in the piezoelectric material, i.e., 
T .. =c . . k 0 Sk 0 -e . . E l.J l.J :rv :rv mJ.J m 
D. =e . . kS , k+E . . E .• J. l.J j l.J J 
If s. . is replaced by the mechanical displaceme nt u 1. , then l.J 
the above equation becomes 




= e. ' ko L u 0 - e . . E l.J :rv ·:rv mJ.J m 
from t h e e q u a tion of mot ion 
one t hen has 
or 
t t p L u . 
m J. 
j 
= L T .. 
l. J 
k t tt j (c 1.k 0 mL -6 . p L )u -e . . L E :rv J.m m m mJ. J m = 0. (3 .1.1) 
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The above equation is the elastic wave equation with the 
addition of an inhomogeneous term which results from the 
p iezoelectric effect. Now consider the electric field 
equation 
-]J Lt(J.+LtD.) 
0 J. J. 
as it applies to an insulating material, i.e., when J. = J. 
0, by substituting D. for the piezoelectric material, then J. 
the above equation becomes 
ij kk tt tt j [L - o. JL +]J E: •• L )] E.+]J L e . . kL uk l.J 0 l.J J 0 l.J = 0 • (3.1.2) 
One observes that this is the ordinary electric field wave 
equation with an additional term ]J 0 LtteijkLjuk. Equation 
(3.1.1) and (3.1.2) are coupled wave equations. In matrix 
form these two wave equations may be written as 
k £ tt 
c.k o L - o. P L J. )(,m J.m m 
Ltt j ].1 0 e . . L J.]m 









one then realizes the digonal terms are the elastic and 
electrical field waves and the off digonal terms are the 
coupling terms. There are two phase velocities, the acoustic 
wave velocity which is derived from the mass density and 
elastic constant 
v . 
acoustJ.c = ~~ Pm 
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is of the order of 103 meter per second, and the electro-
magnetic wave phase velocity which is derived from the 
permeability and dielectric constant 
1 
v'iJE 0 
is slightly slower than the velocity of light in vacuum. 
According to Kyame(S) these two velocities are: (a) the 
slow electromagnetic wave which associates with the elastic 
wave, and (b) the fast elastic wave '"hich associates with 
the electromagnetic wave. We are only interested in the 
slow wave here. Henceforth whenever the wave velocity 
is mentioned it refers to the slow wave, or the slow surface 
wave. One may arrange the matrix pa rt of equation (3.1.3) 
in a symmetrical manner where only the elastic wave nature 
is explicit, i.e., 
k 9.. tt 
c.kn L -o . p L J. )(,m J.m m 
-e .. . L 
~Jm 
j 
- e .. L 
ml.J 
j 
- E . J.m 
25 
This is a 6x6 matrix which possess all the nice properties 
of a symmetrical operator( 3S). A full expansion of the 
above matrix is given in Appendix C; some special cases are 
given in Appendix D. 
In the case of piezoelastic insulator interface with 
vacuum for the surface wave along the boundary of the two 
mediae one has to consider the electromagnetic wave in 
vacuum. Of course, the elastic wave vanishes as the elastic 
media vanishes; and the electrical field wave equation in 
vacuum is given as in Section 2.4: 
expansion of the above equation is given below 
11 L33 . . Ltt L + -]1 E 
0 0 
1 
( 3 .1.4) 
This matrix is 3x3 and in t e rms o f the eigenvalue s, one may 
solve the above equa t i on to obtain the r atio of electrical 
f i elds , i. e ., 
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or 
E. Li (Lkk_2Ljj_~ E: Ltt) 
~ 0 0 
= k .. E. Lj (Lkk_ 2Lii_~ E: Ltt) - ~J (3.1.5) J 0 0 
Assuming x. = 0 is the surface, the x . 2: 0 half space 
~ ~ 
is the vacuum and x. ~ 0 half space is the piezoelectric 
~ 
material where the surface wave is propagating along the 
surface x. = 0. Then one has the following set of boundary 
~ 
conditions: 
(1) the waves must vanish far away from the 
(2) 
surface, 
the stress vanishes on the surface x. = 0, 
~ 
i . e. , T. . = 0 or 
~J 
k 
cijk£L u £-e£ijE£ = 0, 
(3) the normal electric flux density must be 
continuous, 
(4) the tangential field at the surface must be 
continuous. 
Hence, the boundary condition for the piezoelastic surface 
wave of System 1 may be summarized as 
k 
c . ' k L u -e E = O ~J m m mij Pm 
j 
e .. L U + E . . E . - E E . = 0 1Jm m 1 J PJ o a1 
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E .-E . = 0 
PJ aJ (3.1.6) 
for x. = 0. 
1 
Now it seems that all the necessary mathematical 
expressions for the problem have been obtained, i.e., the 
wave equations f or the two half spaces and the boundary 
conditions at the boundary of two half spaces. To solve 
this problem one can find the surface waves u , E , and 
m m 
E which satisfy the two wave equations (3.1.3) and 
am 
(3.1.4) and the boundary cond ition (3.1.6) by mea ns o f 
eigenwave expansion and numerical methods which will be 
given in the next chapter. 
For a two dime nsional sur f ace wave which is normally 
the case for wave propagation a l ong certain crystal axis 
as given in Chapter 2, which may be ref erred to as the 
. . . 1 t . . 1 t . (2 l) e1genwave 1n a p1ezoe ec r 1c 1ns u a or, 1. e ., 
\j;pn = 
i (kx . - wt) 
e J 
whe r e t he a are at t e nua t ion constant s, a nd the real part 
n 




i s negati ve for spa c e x . >O. 1 As s uming X = 0 3 is the sur fac e 
and x l is t h e propagatio n direction, then t h e operato r s Li 
a nd Lt giv e the eigenvalues 
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= a n 
Lt 
= -iw. (3.1.7) 
Substituting the above eigenvalues into the operator matrix 
(3.1.3) for crystals of 6rnrn and letting the wave coordinates 
coincide with the crystal coordinates, one obtains two 
sets of coupled waves, i.e., (u1 , u 3 , E1 , E3 ) and (u 2 , E2 ) 
(see Appendix D) . The wave solution of the later one does 
not e x ist( 2l) and the operator matrix fo r the f i r s t s e t 
of waves is a 4x4 polynomial matrix, in terms of the eigen-
values ik, a and -iw wher e only w is a known value, k, 
n 
a a nd the number of a have to be decide d by the charac-
n n 
teristics of the operator matrix and the boundary conditions. 
If there are three eigenvalues f or L3 which satisfy the 
bounda r y cond itions, the n the wa v e solution in the p i e -
zoelectric insula tor may b e wri t t en i n the f o r m o f 
ul l l l 
u 3 A3 l A3 2 A33 g l \j;pl (3.1.8 ) 
Epl Bl l Bl 2 Bl 3 g21j;p2 
Ep3 B3l B32 B33 g31j;p3 
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Where the matrix forms the set of eigenvectors and gn is 
a weighting factor and g1 may be normalized to one. 
The three column vectors of the matrix are the eigenvectors 
of the operator matrix with eigenvalues L3~ , n = 1,2,3, pn 
and the first element of each column vector is normalized 
to one since the wave equation is homogeneous and only the 
relative values of the vector elements may be found. The 
weighting factors g together with the corresponding weight-
n 
ing factor of the eigenwave in vacuum have to be decided 
through the boundary conditions. The wave solution in 
vacuum may be written in the form 
= f~ a 
where ~a is decaying along + x 3 direction, F1 and F3 are the 
coefficients, and F1 may be normalized to one . Now the 
boundary condition equation may be expressed in terms of 
the eigenwaves and their weighting factors, i.e., 
Hence the boundary condition equation for Sy stem one (equa-
tion (3.2.3)) may be given as (a) the genera l form : 
k (c .. k L A -e . . B ) g ~ lJ m ron IDlJ ron n pn = 0 
(e .. LjA +E. B )g 1jJ - E F.fljJ =0 1Jm mn 1m mn n pn o 1 a 
A . g '' ' -F.f•" = 0 Jn n'~'pn J '~'a 
where x . is normal to the surface and x. is parallel to 
1 J 
the surface. (b) For the special case as given in equa-
tions (3.1.7) where x 3 = 0 is the boundary, the boundary 
condition equations are reduced to four, and all the 
eigenwaves are equal to one on the boundary, i.e., 
3 (c LA -e B )g =0 33km mn m33 mn n 
(e3 . LjA +E 3 B )g -E F 3 f = 0 Jm mn m mn n o 
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and there are four unknown weighting factors (g 1 , g 2 , g 3 , 
f) , one may refer to this as a weighting vector and have to 
satisfy the boundary condition equation, which is given 





The determinant of this matrix has to be zero, if the correct 
1 L has been chosen, and the eigenvector of the boundary 
condition matrix is essentially the weighting factor (g1 , 
g2' g3' f). 
The iteration method has to be used for finding those 
e~envalues and eigenvectors. A detailed solution method 
and the convergence of a trial eigenvalue to a true one are 
given and illustrated in Chapter IV. 
3.2. WAVE EQUATION FOR PIEZOELECTRIC SEMICONDUCTOR--SYSTEM 
TWO 
Mobil charge carriers present in the piezoelectric 
crystals occur when the intrinsic piezoelectric crystal is 
doped with shallow donner or acceptor impurities or when 
locally trapped carriers in the forbidden band are excited 
into the conduction or valance bands. Such mobil charge 
carriers under the influence of the acousto-electric field 
will be bunched and form a space charge wave which will 
travel at the velocity of the elastic wave. Hence, in addition 
to the electric field which is induced by the piezoelectric 
effect of the material, there is a space charge wave associated 
with the elastic wave, and Maxwell's wave equation in the pie-
zoelectric semiconductor will have to include the current den-
sity J. Recall the small ac current expression equation (2.5.3) 
J. =a . . E.+q(v.+D . . Lj)n 
1 1] J J 1] 
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where 
n = a.c. variation of electron charge 
0 
a .. = q)l .. n l.J l.J 
0 
v. = Jl . . E. l. l.J J 
n° is the electron density, E~ is the applied d.c. electric 
J 
field and it has been assumed that the material is n-type. 
Then the electric field equation (2.4.4) may be given as 
1 E.+D.+ J. = 0. J l. Lt l. 
Because of the presence of charge carriers, the charge has 
to satisfy Poisson's equation, i.e . , 
-qn 
for electrons. In the current density equation n may be 
replaced by 
n = - - - --q 
since the explicit presence of n is not necessary, then 
the current density equation becomes 
J . l. 
j k 
= a . . E.- (v . +D .. L ) L Dk. l.J J l. l.J 
Substituting the above equation into the electric field 
equation, it becomes 
Lij_.t' .. Lkk u 0.. . Lk ( ~i -+ -fl) E.+ [ cS. k- (v. +D . . LJ) -] Dk ~oL L J l l lJ Lt 
where 
.Q, 
= ekn L u +t.:k E 
"'m m m m 
the electric field equation finally becomes 
0 
0 im i Lk 
+ t + [o.k-(v.+D .. L )-t)Ek }E = 0. L l l lJ L m m 
By defining the effective piezoelectric constant 
. Lk 
e. . = [ cS. k- (v. +D .. LJ) -] ek. lJm l l lJ Lt Jm 




one can obtain the wave equation for piezoelectric semi-
conductions, i.e., 
k~ tt 
c.kn L -8. p L 1 x-m 1m m 
-e .. Lj 
lJID 











which is similar to the wave equation for piezoelectric 
insulator, except the matrix is not symmetrical and the 
effective dielectric and piezoelectric constant are fre-
quency dependent and also depend on conductivity, the carrier 
diffusion constant, and the applied electrical field which is 
in terms of the carrier drift velocity v. in the above equa-
l 
tion. Then by varying the applied electric field or the 
drift carrier velocity the characteristics of the matrix 
operator may be changed. In other words the effective 
dielectric and piezoelectric constant may be changed, which 
would effect the wav e velocity, wave vector and amplitudes 
as expected. The numerical solution of the quasistatic 
approximation of the above wave equation has been given 
recently( 24 ). To obtain the boundary conditions for the 
surface waves, one needs to consider the discontinuity of 
current density f or electrons on the surface x. = 0, that 
1. 
is in addition to the boundary conditions for the piezoelec-
tric insulator case, one needs the boundary condition of 






= 0 .. E. - (v. +D .. L ) L Dk lJ J l lJ 
. k ~ 
= 0 .. E. -(v.+D .. LJ)L (ek n L u +EkE) lJ J 1 lJ Nm m m m 
j k~ . k 
= ( v . + D . . L ) ek n L u - [a . - ( v . + D . . L J ) L E: ] E 
1 lJ Nm m 1m 1 lJ km m 
where the above expression has to equal to zero on the 
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boundary. Hence, there are four boundary condition equa-
tions for the surface wave in piezoelectric semiconductors. 
However the wave equation in vacuum does not change. For 
the case of crystal group 6mm, e.g., CdS, assuming x =0 is 
3 
the boundary and x 1 is the wave propagation direction, then 
there are four attenuation constants and the boundary con-
dition equations are 
3 (c33k L A -e 33B ) gn = 0 m mn m mn 
(e3 . LjA +s 3 B )g -E F 3 f = 0 JID mn m mn n o 
A. g - F 1 f = 0 1n n 
3k~ [Dek n L A Nm mn (0-DEk L
3k)B ] gn 
m m 
0 
where m = 1,3, n = 1, 2, 3, 4, L2 = 0, in the last equation 
the assumptions are made that 
v. 
l 
o .. a, D .. lJ lJ o .. D lJ 
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which implies that the carriers drift in the x 1 direction 
and the conductivity and diffusion constants are isotropic. 
The expansion for the piezoelectric wave equation is 
in Appendix D. 
3.3. PIEZOELECTRIC INSULATOR-SEMICONDUCTOR--SYSTEM THREE 
For System three, the electric wave equation in the 
piezoelectric insulator is the same as in System one and 
the electric field wave equation in the semiconductor side 
is simply obtained . by letting the piezoelectric constant 
equal zero in equation (3.2.1), i.e., 
For the crystal group 6mm and assuming x 3=0 is the boundary 
and x 1 is the wave propagation direction and 
v. 
l 
= 0 . . a, D .. lJ lJ o . . D, lJ E: • . lJ 
then the wave equation in semiconductor becomes 




33 tt a (v+DLl)Ll] L -~ s L [1+ ---- -
o s Lts Lt 
s 
= Lll " s Ltt( a +l - DLt33). 
-t-'0 s -t-
L s L 
s 
The attenuation constant L3 may be obtained by solving the 
determinant of the above matrix. There are t\vo physically 
realizable roots for L3 which are 
(3.3.2) 
Hence there are two e i genwaves 
lj!sl 
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which will satisfy the wave equation, and the electric field 
in the semiconductor side may be expressed as 
= 
where P11 and P12 may be normalized to one and 
wll (y2)+w3l (y2) 
wl2( y2 )+w32(y2) 
(3.3.3) 
The boundary conditions are similar to the former cases, 
i.e. , 
T3l = 0 
T33 = 0 
E = E pl sl 
D3 = E.: E s s3 
J = 0 
s3 
at x 3 = 0. In terms of the eigenvectors and weighting 
factors the boundary condition equations become 
A. g -P. p = 0 1m m 1n n 
33 (o-s DL )P3 p =0. s n n 
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Hence with the above boundary conditions and wave equations 
in the semiconductor side and in the piezoelectric insula-
tor side one obtains the mathematical expression of the 
system. 
3.4. PIEZOELECTRIC INSULATOR-GAP-SEMICONDUCTOR--SYSTEM FOUR 
In this case, in addition to the piezoelectric wave 
equations in the piezoelectric insulator and the electric 
field wave equation in the semiconductor, one needs the 
electric field wave equation in the gap h (either vacuum 
or air) which has been given in Section 2.4 or equation 
(3.1.4) where the space for this wave equation is limited 
in the interval between piezoelectric insulator and semicon-
ductor. The wave equation solutions may b e written in the 
same form as the former cases. In the different regions one 
has 
(a) piezoelectric insulator 
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(b) vacuum or air 
E . = F. f 14J 
a1 1n n an 
(c) semiconductor 
E . = P .. p.14J . . 
Sl lJ J SJ 
For the crystal group 6mm and assuming the propagation direc-
tion is x 1 and attenuation direction is x 3 , the wave co-
ordinates coincide with the crystal axis, then the eigen-
waves are 
14Jpm 
amx3 i(kx1 -wt) 
1,2,3 = e e m = 
14Jal 
Sx3 i (kx1 -wt) 
= e e 
-s (x -h) i(kx1 -wt) 
14Ja2 
3 
= e e 
y.x3 . i (kx1 -wt) 
14J sj = e J e j = 1,2 
where am has to be determined numerically as mentioned before. 
S andy. may be solved in analytical form. In order to 
J 
satisfy the surface wave condition the attenuation constant 
has to be restricted to the f ollowing conditions 
real a >O 
m 
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real 6 <0 
real yn <0 
for x 3 S 0 is the half space for piezoelectric insulator, 
O~x3 ~ h is the air gap, and x 3 ~ h is the half space for 
the semiconductor, then the eigenwaves on the boundaries x 3= 
0 and x 3= h are 
1/Jpm(O) = l 
1/Jal (0) = l 
1/Jal (h) = e Sh 
1jJ • (h) = l. 
SJ 
The boundary c onditions are zero stress on the surface of 
the piezoelectric material, the continuity of the normal 
electric flux density and the tangential electric field at 
the surface, i.e., 
l. T33(0) = 0 
2. T3l (0) = 0 
3 . Dp 3 (0) = Da3(0) 
4. Epl (0) = Eal (0) 
5. Da3(h) = Ds3(h) 
6 • Eal (h) = Esl(h) 
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In terms of the eigenvectors and weighting factors the 





5. E: F 3 f 1jJ (h) -E: P 3 .p.1jJ .(h)= 0 o n n an s J J SJ 
6. F 1 f 1jJ (h) - Pl. p .1/J . (h) = 0 n n an J J SJ 
7. 33 (o- s DL .) P 3 .p.tjJ . (h) = 0. S S] J J SJ 
One may see that the boundary conditions may be written 
in a 7x7 matrix. 
One can see that System 4 may be reduced to System 3 
by letting the gap h approach zero; also System 4 may be 
reduced to System 1 by letting h go to infinity. 
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3.5. PIEZOELECTRIC INSULATOR-GAP-SEMICONDUCTOR LAYER-
DIELECTRIC--SYSTEM FIVE 
This is the last system being considered. One can see 
in Figure 3.5.1 there are four (4) regions: the piezoelec-
tric, vacuum, semiconductor, and dielectric or vacuum. 
IV. dielectric ! ---r-





I. piezoelectric insulator 
Figure 3.5.1. The Configuration of System 5. 
The waves in these f our regions can be g iven as 
II. E . = F . f 1jJ 





~\)'. w lf!d . 1.n n n 
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For the surface elastic wave propagating in the direction 
x1 on the basal plane of the crystal group 6mm piezoelectric 
insulator and assuming the electric parameters in the semi-
conductor and dielectric material are isotropic, then the 
eigenwaves in the different regions are: 
a x 3 i(kx1-wt) 
lf!pn = e n e 
lfial 
sx3 i(kx1-wt) 
= e e 
-s (x -h ) i(kx1-wt) 
1fla2 
3 1 
= e e 
lfisl 
yl (x3-hl) i (kx1 -wt) 
= e e 
1j!s2 
y2(x3-hl) i (kx1 -wt) 
= e e 
1j! s3 
-yl (x3-h2) i(kx1-wt) 
= e e 
-y2(x3-h2) i(kx1- wt) 
1j!s4 = e e 
F;, (x3-h2) 
lf!dl = e 
i(kx1-wt) 
e 




Real 6· 0 
Real Yn · 0 
Real c ·0 
where a , 8 and y have been given in previous sections , ~ 
has the same form as 8 , except the dielectric constants 
may differ . 
The particle displacement and electric fi ldB m y b 
written as: 
I . piezoelectric insulator 
ul All Al2 Al3 9 1 pl 
UJ A31 A32 A33 
= 9 2 1 p2 
El 8 11 8 12 8 13 
EJ 8 8 32 8 33 9 3"'p3 31 
with All = A12= Al3 = gl = 1. 
II. gap 
Eal Fll Fl2 fl"'al 
= 
Ea3 F F32 f2 a2 31 
with Fll = F12 = 1 
which is the same expression for the gap in System 4. 
III. semiconductor 
pllj!sl 
Esl pll pl2 pl3 pl4 P21/Js2 
= 




and with P31 and P32 are the same as given in equation 
(3.3.3) where P33 and P34 may be obtained by replacing 
y1 and y 2 by -y1 and -y 2 in equation (3.3.3). 
IV. dielectric 
= 
where w1 = 1, w3 has the same form as F3i. 
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The boundary conditions are similar to System 4 with one 
extra boundary, that is the boundary of semiconductor and 
dielectric material (or vacuum), the boundary conditions 
are: 
1. T33(0) = 0 
2. T31 (0) = 0 
3 . Dp3 (0) = Da3(0) 
4. Epl (O) = Eal (0) 
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5. D (h1 ) = Es1 (h1) a3 
6. Ea1 (h1) = Es1 (h1) 
7. Js3(h1) = 0 
8. Js3(h2) = 0 
9. 0 s3 (h2) = 0 d3 (h2) 
10. Es1 (h2) = Ed1 (h2) (3.5.1) 
where the eigenwaves at the boundary are (omi~g the time-
space term) : 
lj;pn(O) = 1 








1jJs1 (h1)= 1 
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1j!s4 (h2) 1 
1j!dl (h2) = 1. 
The boundary condition matrix is a lOxlO. The matrix 
elements are given in Appendix D for the Y-Z cut LiNbo 3 . 
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IV. SOLUTION TECHNIQUE 
Solution of boundary value problems usually follows 
two methods: one is an expansion of the solution into a 
series (eigenwave expansion) and the other is the Green's 
function approach where the solution may be expressed by 
definite integrals, the elements of the integrals represent-
ing the effects of singularities distributed over the 
surface or throughout the valume. Since it is the surface 
wave properties of the piezoelectric materials which are 
of interest, the eigenwave expansion method can be used. 
After expanding the solutions of the particle displacement 
u. and electric field E. into eigenwaves (surface waves), 
1 1 
the wave equations and boundary conditions become essentially 
algebraic equations. Due to the algebraic intricacy, the 
solution technique has to be numeric and by the iteration 
scheme, except for a few simple cases. In the following 
sections, a general procedure for these solutions will be 
outlined, the numerical method will be discussed, and the 
convergence of the solutions will be illustrated. 
4.1. A GENERAL SOLUTION METHOD 
Before outlining the solution method, one needs to 
present the problem more clearly. Using the piezoelectric 
insulator-gap-semiconductor system as an example, the 
problem may be written in symbolic matrix form: 
(1) the piezoelectric wave equation 
[P] [u,E ] = 0 p 
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(4.1.1) 
where [P] is the operator matrix, u is the mechanical dis-
placement, and E is the electrical field in the piezoelec-p 
tric insulator. 
(2) the electric field wave equation in the vacuum 
gap 
[V] [E ] = 0 
a 
(4.1.2) 
where [V] is the operator matrix, and Ea is the electric 
field in the vacuum. 
(3) the electric field wave equation in the semi-
conductor 
(4.1.3) 
where [S] is the operator matrix and Es is the electric 
field in the semiconductor. 
(4) the boundary condition equation 
[B. C.] [u, E , E , E ] = 0 p a s (4.1.4) 
where [B.~ is the boundary condition operator matrix. The 
space for each operator may be seen in Figure 4.1.1. 
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[S] [E ] = 0 Semiconductor s 
t ~ 
h vacuum x~[B·C] [u,Ep,Ea,E~]~O 




Figure 4.1.1. Wave Equations and Boundary Condition Equation 
and Their Spaces. 
Hence, the solution technique of such a problem is to first 
solve the three wave equations in the three different media 
separately, and then match the solutions on the two boundaries. 
If the conductivity, diffusitivity, and permitivity are 
assumed to be isotropic then by the method of eigenwave 
expansion there are at least three eigenwaves for the piezo-
electric insulator, two eigenwaves in the vacuum and two 
eigenwaves in the semiconductor, and there are seven eigen-
waves in the boundary condition equation; all these equa-
tions are homogeneous. By operating on the assumed eigen-
waves one obtains an eigenvalue polynomial matrix, i.e., 
the elements of this new matrix are polynomials of the 
eigenvalues, hence, solving the problem becomes one of 
fi nding the proper eigenvalues f or the eigenwaves and eigen-
vectors for each operator. These eigenwaves and eigenvectors 
also have to satisfy the boundary condition equation and the 
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eigenvector of the boundary condition operator matrix which 
now has elements expressed in terms of eigenvalues and 
eigenvectors associated with the boundary condition matrix 
are the weighting factors of the eigenwaves. One of the 
weighting factors of the eigenwaves may be normalized to 
one, then the other eigenwaves will be measured relatively 
to that one. With this picture in mind the wave solution 
may have the form 
u. 
1 
E . p1 
E . 
a1 = F. f lJJ 1n n an 
E . = P .. p .1/J . S1 1J J SJ 
(4.1.5) 
where m, n, and j are the numbers o f the attenuation con-
stants and g , f , and p. are the weighting factors and the 
m n J 






This is assuming the surface wave propagates on the surface 
(001 ) and in the direction <100 > relative to the crystal 
axis. The wave coordinate need not coincide with the crystal 
coordinate, any other surfaces and propagation directions may 
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be considered by coordinate transformation (i.e., the Eulerian 
angles) of the elastic, piezoelectric and dielectric con-
stants. A computer program for such purposes has been 
developed as part of this effort. Since the wave vector k 
is single valued but Q. may not be, then assuming a trial 
~ 
value of k, leaves only the Q. to be determined. For non-
~ 
tri val solutions to the wave equations, the determinant of 
the eigenvalue polynomial matrix must equal zero, i.e., 
det [P(a.)] = 0 
det IV( S)J = 0 
det [S(y)] = 0 
where a., 8 and y are the attenuation constants for the 
eigenwaves in the three different media. · Hence, one needs 
to find the values of the attenuation constants which are 
the roots of the above three polynomial equations. Then 
corresponding to each physica lly rea lizable root (which 
satisfies the surface wave properties) there is an eigen-
vector, A. , B . , F. and P . . . After one obtains the t r ial 
~m ~m ~n ~J 
wa v e solutions (eq u a tion (4.1.5)) wi th a tria l wave v e ctor 
k, then substitutes these trial wave solutions into the 
boundary condition equation (4 .1.4), which may be rewr itten 
in ter ms o f the eigenwa v e s 
to see i f 
det [B.c. ] = 0. 
If the determinant is not zero, then one may try another 
wave vector k. If this new vector satisfies the above 
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equation, then one may find the eigenvector of the boundary 
condition matrix, which contains the weighting factors 
(gm' f , p.) of the eigenwave. Hence, the wave solution 
n J 
may be found. 
4.2. CALCULATION OF EIGENVALUE L3-THE ATTENUATION CONSTANT 
As mentioned in Section 4.1, one is looking for the 
eigenvalue L3 in the different wave equations. The closed form 
solution of L3 may be obtained in terms of L1 and other param-
eters for the electric field wave equation in vacuum and semi-
conductor regions for the simple case but not for the wave 
equation for the piezoelectric material in which usually a 
polynomial L3 of order six (6) need be solved for the piezo-
electric insulator and a polynomial L3 of order eight (8) 
need be solved if the piezoelectric material is conductive. 
To find the values of L3 or the attenuation constants by 
means of the iteration scheme, one is looking for a con-
verging sequence which starts from an arbitrary value and 
3 
converges to the value of L • By letting {A } be a finite n 
sequence in the complex domain, where Al is arbitrary and 
represents a trial value of L3 , one then searches for the 
An such that 
det [P ( :\ ) ] = 0. 
n 
This sequence may be obtained by the procedure given as 
follows. Define 
f . = det [ P ( :\ . ) ] . 
~ ~ 
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Then, the sequence may be constructed from the iteration 




= :\.- 1. 
1. D 
f. . 1 . 2 D = f f ~,1.- ,1.-
i 'i-1- i-1 f. . 1 
1.,~-
f .. 1 = 
f(A.)- f(A. 1) 
1. 1.-
1.,1.-
f .. 1 . 2 = 1.,~- ,1.-
:\.-:\. 1 1. 1.-
f. . 1-f. 1 . 2 1.,1.- 1.- ,1.-
:\.-:\. 2 ~ 1.-
The above expressions are the so-called divided difference 
which possesses the property that as:\.+:\. 1+:\. 2+:\, the two 1. ~- ~-
' 1 II above forms become essentially f and 2 f . 
Starting at an arbitrary value :\ 1 a sequence is con-
structed through the iteration scheme such that 
and 
If ( An) -f (An-1) I 
If (A ) I 
. n 
where n is a small positive real number or the error 
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tolerance, as above relation is satisfied, it is assumed 
that An converges to one of the eigenvalues L3 , i.e., one 
has 
det [P(A )] = 0. 
n 
After obtaining the first eigenvalue (or root) the same 




det [P (A. ) ] 
1 
m-1 
IT (A. -a.) 
j=l 1 J 
where a. is the jth root amd m is the total number of the 
J 
roots of det [P] . The detailed program procedure for the 
above calculation is given in Appendix E. 
The iteration function used here is the so-called one 
point iteration function with memory , A. in the "point", 
1 
where A. 1 and A. 2 are the "memory" from the previous 1- 1-
calculations; then a new "point" Ai+l may be constructed 
from the iteration function ~r· A review of such a tech-
. k' (36) d T b(37) nique may be found for example 1n Ostrows 1 an rau . 
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4.3. CALCULATION OF EIGENVALUE L1 -THE WAVE VECTOR 
As mentioned in the last section, the wave vector k 
(L1 ) is an assumed value. By using the same iteration 
scheme a sequence of {k } may be obtained such that k 
n n 
satisfies all the wave equations and boundary conditions. 
Since k was assumed to satisfy the wave equation at the 
n 
beginning of the calculation then the boundary conditions 
are used to justify whether the sequence {k } convergence 
n 
to the correct value of k . The same procedure used in the 
n 
last section to find the attenuation constants is also 
applicable here, i.e., by letting 
h . = det [B·C.(k.)], 
1 1 
i = 1,2,3, ... n 
hence a sequence k may be constructed until one has 
n 
and 
where n is small positive real numbers or the error 
tolerance in the order of 10-7 . The convergence seems 
never to fail even though the estimated value of ki is one 
or two order away from the converged value. It is no 
problem to achieve a smaller error tolerance, e.g., 
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n = l0-10 but the time consumed may be double the time for 
Hence some compromise value of n has to be set 
after a few calculation experiences have been obtained. How-
ever keep in mind that more iterations may give more 
accuracy but also introduce more round off errors so that 
there probably exists a lower limit on n which is determined 
by the computing system. In next section, some aspects of 
the convergence will be given. 
4.4. SOME ASPECTS OF THE CONVERGENCE 
In the numerical calculation of the attenuation con-
stants and wave vectors k, one requires that the determinant 
of operator matrix which is in terms of eigenvalues must 
vanish. Because of the round off error in the computing 
process, a numerical zero for the vanishing determinant of 
operator matrix does not exist, hence instead of using the 
vanishing determinant of the operator matrix as a criteria 
for the convergence of eigenvalues one uses the convergence 
criteria as given in the preceeding section. Some aspects 
of the convergence are illustrated in the following two 
examples of numerical calculations, i.e., the convergence 
of the attenuation constants and the convergence of the 
wave vector k of System 2. 
(l) The convergence of the attenuation constants for 
the piezoelectric semiconductor elastic surface wave may 
-7 be seen in the following numerical table, with n = 10 . 
S9 
TABLE I. Sequence of Convergence of a Root 
Sequence of Root (Attenuation Constant) det [P] 
Convergence Real Imag. Real Imag . 
1. 1.0 1.0 .1364x1o 36 . 2604x10 36 
2. .7683 .4489 .5760x1o 35 .1776x1o 36 
3 . .9097 .6199 .3081xlo 34 .1823xlo 35 
4. .9055 -.4907x10-l . 2126x1035 .3700x10 35 
5. .9228 -.6675x10 -2 -.1169x1o 34 .2570x1o 34 
6. .9843 -.2705x10 -2 -.1952x1o 33 .2062x1o 34 
7 . .9997 .1147x10 -2 -.1l46xlo 33 .4440x1o 33 
8. .9999 .1137x10 -2 .8278x1o 31 .8999xlo 31 
9 . .9999 -2 .4905x10 29 .2517x1o 29 ' .1438x10 
.9999 -2 .8535x1o 25 -.7661x1o 24 I _ _ 10. .1438x10 
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The values of root in the last two iterations vary only 
after the eighth digit. There are a total of eight (8) 
roots in the four (4) plus and minus pairs. The physically 
realizable roots are attenuation constants, which contain 
positive real parts. In the following table the four (4) 
attenuation constants or roots all start with trial value 
(1.0, i 1.0) and converge to the given values as shown in 
the table and the number of iterations is roughly propor-
tional to how far they deviate from the trial values. 
rT'ABLE II. Num.b.el? .Qf r ·te:(a,tions fg>:r- Each RO:ot. lE_ir__s,t_ ~ 
Roots Real Image # of Iterations 
-
1 .99999020 .14384885xl0- 2 10 
2 .16055185 .ll921969xl0- 2 9 
3 .14091592xl0 -.ll669236xl0-2 6 
4 .54022094xl0 2 -.13256673 9 
4 
vs = (.17101999xl0 , -i .10060000xl0) m/s 
7 
-l -l = 3.0xl0- 2m2v-ls-1 . f = 5.5xl0 Hz, a = 8.0 ohm m , ~ 
If previous information is used the number of iterations 
may be reduced, e.g., if there is a slight change in velocity 
such as: 
v = (.16830000xl0 4 , -i .99000000) 
s 
then the former roots are used for the trial values, the 
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number of iterations may be reduced as seen in the follow-
ing table; this number is only one fifth of the former 
number of iterations needed to obtain a set of the roots. 
TABLE III. Number · of Iterations for Each Root 
Roots Real Imag. lf of Iterations 
1 .99999043 .1426577lxlo-2 1 
2 .19425498 .92024978xlo-3 3 
' 
3 .14170654xl01 -.11572312xl0- 2 2 
4 .53163276xl0 2 -.13045699 2 
(2) The convergence of velocity or wave vector k. 
After obtaining the attenuation constants then the eigen-
vector may be obtained for the matrix [P] by substituting 
the eigenvectors into the boundary condition matrix det 
[B·CJ = 0. Again a true zero can never be found due to 
the round off error. In the following table one may see 
the convergence of velocity versus det [B C) for n = 10-6 . 
TABLE IV . Sequence of Convergence for the Velocity 
Sequence of 
Iteration Real 
1 . 17000000xl0 4 
2 .1 7061132xl0 4 
3 . 1706257lxl04 
4 . 17062550xl0 4 
5 . 17062550xl 04 
-1 -1 







-. 88269912xl0 - l 
Iteration 
det [B. Cj 
Real I mag 
. 95646519xlo 55 -. 7795455lxlo 56 
. 1955085lxl0 54 -.1878056lxl0 55 
-.790 02408 xl0 52 . 28813762xlo 53 
- .18751663xlo 44 -. 32253240xlo 49 
-.13128703xlo 47 -. 10686802xl 0 46 
f = 5 . 5xl0 7 Hz 
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where iteration sequence one indicates the trial value. 
If the previous information is used, for example, a small 
change of conductivity, i.e., 
then only 2 iterations are required for convergence to the 




= (.17062550xl0 4 , -i.88299912xl0-l) 
54 . 54 det[B~~ = (-.2213134lxl0 , -1.18625070xl0 ) 
converges to velocity 
with 
det [B.c.] 
= (.17062805xl0 4 , -i .11749415) 
48 
= (-.20205729xl0 , i .1100393lxl04 6 ). 
Calculations for the other systems are essentially the 
same. 
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V. RESULT AND DISCUSSION 
In this chapter some of the calculated results are 
presented and follow a brief discussion. The results are 
presented in tables or in graphs. The purpose of this 
chapter is more-or-less for a numerical check on the mathe-
matical formulations and developing a numerical calculation 
procedure in order to gain some experience in this field. 
It is believed that the calculations on Systems 1 and 2 
should be more exact, since fewer approximations were 
used. 
5.1. SOME NUMERICAL RESULTS ON SYSTEM 1 
The numerical calculations on this system given here 
are for the crystal group 6mm, i.e., CdS, CdSe and ZnO for 
the elastic surface waves propagating on the basal plane. 
In Table 5.1.1 one can see some minute differences in the 
phase velocities between the values calculated here and 
Tseng and White's results. 
TABLE V. Phase Velocity of Elastic Surface Waves 
on Basal P l a ne 
4 4 
and Crystal v (10 m/s, this V (10 m/s, Tseng 
s s 
Calculation) White) 
CdS .173081 .17306 
CdSe .14865 .1470 
ZnO .27145 .270 
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In Table VI, VII, and VIII the eigenvalues L3 (attenuation 
constants) and their corresponding eigenvectors multiplied 
by their weighting factors are given for CdS, CdSe and 
ZnO, these values are a little different from Tseng and 
White's results after the third digit for CdS and CdSe, the 
discrepancies are even more severe for ZnO. 
TABLE VI. Eigenvalues (a ) and Eigenvectors (A. ) for the 
n 1n 
CdS. (v !"': = .17308llxlo4 m/s) 
n 1 2 3 
a .16550xl0 
n 
. 74729 .19403 
Alngn 1.0 .52365 .50185 
A3ngn -i.37938 -i. 62316 · . 29017xl0 
Blngn --. 85170xl0 
10 
.14097xlo10 .9149lxlo10 
B3ngn i.l4095xlo11 -i.l0535xl0l1. fi..l7752xlo 10 
TABLE VII. Eigenvalues (d ) and Eigenvectors (A. ) for n 
.148656xl0 4 m/s) 1n the CdSe. (v = 
s 
n 1 2 3 
a .15969xl0 .84538 .15308 
n 
Alngn 1.0 .23157 t-.30713 
A3ngn -i.36646 -i.22638 l:i..23167x10 
10 
.80656x1010 10 Blngn -.57603xl0 t-.43800xl0 
B3ngn i.91985x1o10 -i.68185x10
10 i.67049x10 9 
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TABLE VIII. Eigenvalues (a ) 
n 
and the Eigenvectors for 
the ZnO. (v = .2714477) 
s ' 
n 1 2 3 
q 
n 
1.78851 .377198 .377198 
i.l52211 -i.l52211 
' ,, 
Al.ngn 1.0 .124255 .124 255 
-i.l36404xl0 i.l36404xl0 
A3ngn -i.273881 -.31467lxl0 .31467lxl0 
i.l21102xl0 -i.l21102xl0 
Blngn -.187216xlo11 .398868xl0 .398868xl0 
-i.465796xlo11 i.465796xlo11 
B3ngn i. 334838xlo11 
11 
.169626xlo11 -~169626xl0 . 
-i.859444xlo10 -i.859444xlo10 
Notice that in Table VIII the attenuation constants and the ele-
ments of eigenvectors for ZnO are in complex conjugate pairs. 
Hence, the amplitude of the waves are still either pure 
real or pure complex. 
The particle displacements and piezoelectric fields 
of the elastic surface waves were plotted according to the 
data given in the above tables as shown in Figure 5.1.1 and 
5.2.1. One can compare the relative amplitudes of these 
waves. Notice that the depth o f the wave penetration into 
the surface is given in terms of wave lengths which depends 
on the phase velocities, the ratios are: 
A(CdSe) :\ (CdS) :\ (ZnO) = 1:1.164:1 .821. 
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The electric fields in vacuum were not plotted, since they 
simply follow one decaying term; that is 
1 
2 2 2 
-(t.t E: w -k ) x 3 E3~e o o 
which died out at approximately .SA, this is comparatively 
shorter than their counterparts E. and u. in the piezoelec-
1. 1. 
tric materials; these waves died out around 2A. 
5.2 SOME CALCULATED RESULTS FOR SYSTEM 2 
The operator matrix of the piezoelectric wave equation 
in such a system is non-symmetrical, the wave vector or the 
phase velocity and the attenuation constants of the eigen-
waves are complex. One may express the propagation part of 
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Figure 5.1.1. Relative Particle Displacement vs Depth for 









































depth in wave length -x3/A 
Figure 5.1.2. Relative Piezoelectric Field vs Depth for 





In the expressions (5.2.1) and (5.2.2) one can see that the 
second exponent indicates it is either an attenuated or growing 
term with respect to both distance and time, which are equi-
valent for a propagating wave. The eigenvectors as defined in 
Chapter III for System 2 are also complex, which indicates the 
waves, e.g., for piezoelectric surface waves propagation on 
basal plane of crystal group 6rnrn, (u1 ,u3 ,E1 ,E3), are not 
orthogonal. For example, in System 1 by writing the wave 
in complex form one has 
(5.2.3) 
where u 11 = u 3R = E11 = E3R = 0, and the waves are othogonal 
but in System 2, for the isotropic cr and D, both the real 
and imaginary components exist, the waves in System 2 may then 
be written as 
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(5.2.4) 
Some of the electric fields as defined above for System 2 
have been plotted and will be presented later. Only recently 
the elastic surface wave propagation in piezoelectric semi-
conductors (System 2) has been found in the literature, 
this was done by Swierkowski et al. In their calculations 
the quasistatic approximation was used to describe the 
electric field, while the exact electric fiels expression 
is used in this calculation. It is interesting to observe 
some differences between these two calculations for the 
same material, e.g., the elastic surface wave propagating 
on the base plane of CdS. In Figure 5.2.1, the root-
locus of the phase velocity in the complex velocity plane 
for CdS with conductivity as a parameter are plotted. One 
curve is the Swierkowski et al's calculation. The other 
two were done from the author's calculations with 
mobilities ~ = 200 cm2/v-s and ~ = 300 cm2/v-s. One can see 
that the curves for ~ = 300 cm2 /v-s end: on the real velocity 
axis at different velocities, i.e., 1704.15 m/s and 
1730J6 m/s for Swierkowski et al's calculation, corresponding 
1706~4 m/s and 1730.811 m/s in the author's calculation. 
The imaginary components of the phase velocity are also 
72 
different. The discrepancy may be the result of several 
differences, i.e., (1) the quasistatic approximation of the 
electric fields, (2) the constants such as the elastic, 
piezoelectric and dielectric constant used in these two 
calculations may be different, (3) the diffusion constant 
used in this calculation was obtained by using the Einstein 
relation, i.e., D = ~kT/q (T = 300°k), whereas the other cal-
culation did not mention how they obtained the diffusion 
constnat. The effects of carrier diffusion usually reduce the 
carrier bunching (the space charge wave) , as one can see 
from the curves, the lower mobility ones corresponding to 
a higher value in the complex component of the phase 
velocity. Note that because the diffusion constant is 
obtained by the Einstein relation then the variation of 
the mobilities equals the variation of temperature. 
Figure 5.2.2 and 5.2.3 are the plots of gain (db per 
centimeter) versus the ratio of carrier drift and real 
component of the phase velocity (vd/vR) for ~ = 300 and 
200 cm2;v-s. These curves have an inversion point at 
va/vR = -1, the inversion part (which did not show in 
the figure) represents the loss (db per centimeter). One 
can see from the wave expression (5.2.1) 
i(kRx1-wt) -kixl 
e e 
that the gain (or loss) expression may be obtained as 
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Gain = 20 log10 db 
or 
Gain = -0.0868 k1 db/em. 
A similar expression for gain also may be obtained from 
equation (5.2.2), i.e., 
Gain 
VI 
= 0.0868 k 
VR R 
db/em 
where k 1 is a negative number for gain and a positive 
number for loss. From those curves one can see that for 
low conductivity the gain drops at higher carrier- drift 
velocities due to the carrier saturation effect and while 
for the higher conductivity, the piezoelectric effect may 
be shorted out, hence the gain is lower than the low 
conductivity case at low carrier drift velocity, but the 
carrier saturation effect happens at higher carrier drift 
velocity, hence the gain is higher. As for the gain (or 
loss) concern, the lower diffusion constant will yield 
higher gain (or loss), as shown in Figure 5.2.1 where the 
lower diffusion constant gives a higher imaginary component 
of the phase velocity. 
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The particle displacement and the piezoelectric field 
for the elastic semiconductor will be modified by the carrier 
density, carrier drift velocity and carrier diffusitivity, 
etc. The calculated results show that the particle dis-
placements ui are not effected so much as the piezoelectric 
field by these electric parameters. As one can see from 
the wave equation (3.3.2) for piezoelectric semiconductors 
the elastic wave equation remains the same as the piezo-
electric insulator wave equation, but the electric field 
wave equation is modified greatly by the electric parameters, 
hence some of the piezoelectric fields are plotted as an 
illustration. In Figure 5.2.4 and 5.2.5 the normalized 
piezoelectric fields (E1/lE1 (o) I and E3/ .lE1 (0) I) versus 
the normalized distance (-x3/ A) with the ratios of the 
carrier drift and real component of the wave phase velocities 
as a parameter for o = .8 mho/em, are plotted. For a 
conductivity of o = 8.0 mho/em a similar plot is given in 
Figures 5.2.6 and 5.2.8. One can see that the ratios of 
the transverse and longtudinal electric fields are 
higher than the lower conductivity case (o = .8 mho/em), 
also the ratios of the surface electric field and the elec-
tric field under the surface of the piezoelectric semi-
conductor are higher for the higher conductivity cases. 
Nevertheless there is one common feature of these two cases 
that is the higher normalized electric field corresponding 
to higher gain for the particular conductivity, this can be 
seen from the above four figures and Figure 5.2.3. In 
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Figure 5.2.9 the normalized electric fields versus depth 
were plotted for the electric fields defined by equation 
(5.2.4), one may observe that the relative amplitude and 
phase angle of the electric fields for v /v = -1 are similar d R 
to the insulator case (System 1), one may make a comparison 
with the curves in Figure 5.1.2 although these two figures 
were plotted in a different manner. For vd/vR = -1.2, the 
phase angles are no longer constants, except in the region 
close to the surface, the phase angles were shifted about 
30 degrees from the insulator case, the calculated results 
show that the magnitude of the phase shift is proportional 
to the magnitude of the imaginary component of the phase 
velocity. 
5.3. SOME CALCULATED RESULTS FOR SYSTEM 3 AND 4 
The calculations relative to System 3 and System 4 
were done separately, as one can see. As the gap in System 
4 approaches zero or for a gap h such that h <<A , then the 
calculated results of System 4 should approach System 3 
and indeed they do, e.g., for a gap such that h = 10-5A 
for System 4 there is less than 0.5% difference between 
the calculated complex phase velocities in the two systems. 
In the calculations, the piezoelectric material used in 
the popular Y-Z cut LiNb03 with Raylegh wave propagating 
in the x 3 direction and attenuation in the x 2 direction 
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Figure 5.2.1. Phase Velocity Root-locus for Elastic Surface Wave on Basal Plane of 





















Figure 5.2.2. Gain of Surface Wave vs the Ratio of the 
Carrier Drift and Surface Wave Velocity With 


















CdS 2 )1=200 ern /v-s 
T = 300°k 




Figure 5.2.3. Gain of Surface Wave vs the Ratio of the 
Carrier Drift and Wave Velocity with Conduc-



































a = .8 mho/em, ~ = 300 cm2/v-s 
T = 300°k, f = 55 mHz 
(Electric field is defined by equation (5.2.4)) 
1.2(-vd/vR) 
. 5 1.0 
... x 3; ;x_ 
1.5 2.0 
Figure 5.2.4. Normalize d Longitudinal Electric F i e ld 
(E1/ :J.E1 ( 0) I) vs Depth f o r Surfa c e Wa v e on 
Basal Plane of CdS Semiconductor With the 
Ratio of the Carrier Drift and Wave Velocity 










o = .8 mho/em, 2 ).l = 300 em /v-s 
T = 300°k, f = 55 mHz 
(Electric field is defined by equation (5.2.4)) 
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Figure 5.2.5. Normalized Transverse Electric Field 
(E1/IE1 (O) j) vs Depth f or Surface Wave on 
Basal Plane of CdS Semiconductor with the 
Ratio of the Carrier Drift and Wave Velocity as 











-v /v = 2.0 d R 
a = 8 mho/em, 2 ].1 = 300 em /v-s 
T = 300°k, f = 55 mHz 
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Figure 5.2.6. Normalized Longitudinal Electric Field 
(E1/ iE 1 (0) I) vs Depth f or Surface Wave on 
Basal Plane of CdS Semiconductor with the 
Ratios of the Carrier Drift and Wave Velocity 
as a Parameter (a = 8 mho/em) . 
.6 CdS 
a = 8 mho/em, 
T = 300°k, 
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2 
ll = 300 em /v-s 
f = 55 mHz 
is defined by equation 












Figure 5.2 .7. Normalized Transverse Electric Field 
(E /I E (0) J) vs Depth f or Surface Wave on Ba~al Plane of CdS Semiconductor with the 
Ratio o f the Carrier Drift and ~vave Velocity 
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Figure 5.2.8. Normalized Electric Fields and Their Phase 
Angle s vs Depth for Surface Wave on Basal 
Plane of CdS Semiconductor 
the ratio of the carrier drift and wave velocity with the 
conductivity as a parameter is plotted for both n and p 
type silicon as shown in Figure 5.3.1 and 5.3.2, one can 
see that the gain is higher for p-type silicon, the reason 
2 being that the hole mobility is about 600 ern /v-s and the 
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electron mobility is about 1500 crn2/v-s, hence the diffusion 
constant D = ~kT/q is smaller for the p-type silicon. How-
ever, one should realize that for a constant conductivity, 
it is the diffusitivity or the temperature which effects 
the gain, since the current expression used in the deriva-
tion of the electric field wave equation in a semiconductor 




D = V kT 
if v., the carrier drift velocity is also a constant then 
1 
D is the only variable. In F i g u r e 5.3.3, which are plots 
o f t he g a in o f surf ace wa v e v e rsus the ratio o f the c arrier 
drift and wave velocity with the mobility of the semiconductor 
as a parameter, one can see that the lower mobility (or 
t e mperature) y i e lds highe r gains. 
Figure 5.3.4 is a plot o f gain (d b/ern) ver sus the g a p 
between LiNbO and silicon with conductivity as a parameter. 
3 
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Since the piezoelectric plate and semiconductor plate cannot 
be made absolutely flat to meet the boundary conditions of 
System 3, in the actual case it may be more practical to 
consider System 4, i.e., there is always a gap between 
these two materials and the electric fields of these two 
materials have to be coupled through the gap. As indicated 
in the figure, for a gap less than lxl0-4 A where A 
is the wave length the gain is relatively independent of 
the gap distance, e.g., if the frequency is 100 mHz then 
the wave length is LiNbo3 is around 34.4 ~m and this wave 
length may vary by 0.5~0.1% due to the variation of conduc-
tivity or carrier drift velocity, then for a gap distance 
-4 0 less than AxlO = 34 A there would be no appreciable change 
in gain for the conductivities shown on the figure. The 
plots also indicate that the gap has less effect (gain 
reduction) for lower conductivity and it is frequency 
dependent. Other ratios of the carrier drift and wave 
velocity calculated results show a similar gain-gap response. 
5.4 SOME CALCULATED RESULTS ON SYSTEM 5 
The calculated results on System 5 as far as the gain 
is concerned shows similar trends as in Systems 2, 3, and 4. 
There are two more parameters: the thickness of semiconductor 
and the permitivity of the dielectric substrat. The effect 
of the gap is quite similar to that of the gap in System 4 
( F . 5 3 4) The effect of the thickness of e.g., see ~gure ... 
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~igure 5.3.3. Gain of Surface Wave vs the Ratio of the Carrier 
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the semiconductor layer for constant conductivity is quite 
similar to the effect of the conductivity in Systems 2, 3, 
and 4, and a smaller dielectric constant of the substrate 
yields higher gain. In Figure 5.4.1 are the plots of gain 
versus the ratio of carrier drift and elastic wave velocity 
with the thickness of the n-type Si layer and the permitivity 
of the substrate as the parameters, at constant conductivity 
and gap. One can see the gain of System 5 is higher than 
the previous systems, the effect of the permitivity of the 
substrate to the gain are inversely proportional to the 
carrier drift velocity especially at lower conductivities. 
Figure 5.4.2 which is the same set of data demonstrates 
this effect more clearly. The plots of gain versus thick-
ness of Si layer at a conductivity of .04 mho per centi-
meter with frequency and carrier drift velocity as the 
parameters are shown in Figure 5.4.3, one can see the gain 
variation with frequency and carrier drift velocity. The 
plots of gain versus the thickness of the Si layer with 
conductivity as a parameter are given in Figure 5.4.4, the 
gain maximums occur at certain thickness of Si layer and 
conductivities. 
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This dissertation investigates the surface elastic 
wave in piezoelectric semiconductor and systems of layer 
mediae as described in Chapter 3 where the wave equations, 
along with the boundary condition and de electric field are 
derived. Obtained solutions are the eigen values and eigen-
vectors, which are the exact solutions of the wave equations 
and contain all the information described by the wave equa-
tions and the boundary conditions. Such a solution had 
previously been considered much too complicated to 
attempt( 3S). 
The calculations in Chapter V indicated that for even 
the System 5 which has a lOxlO boundary condition matrix, 
usually one needs no more than three iterations to obtain 
a complex wave vector k. In a successive changing of one 
single electric parameter such as the conductivity which 
varies in steps of 2 mho per meter or the frequency in a 
step of 200 mHz, usually takes one or two iterations as 
required to obtain the complex wave vector k. 
The results presented in Chapter V were shown to be 
reasonable, though most have no published detail data with 
which to compare. There are two parameters which were not 
considered in the wave equations, i.e., the surface carrier 
mobility and the carrier surface recombination rate of the 
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semiconductor. The surface recombination rate is usually 
much higher than in the bulk, this may be considered in 
the boundary condition, i.e., the normal current equations 
at the boundaries of the semiconductor layer may include 
the current due to the surface recombination. However, to 
investigate such effects can only be achieved experimentally. 
Numerical calculations were conducted on the IBM 360/50 
at the Computer Center, University of Missouri - Rolla. 
6.2. APPLICATION OF THIS WORK 
The derived wave equations and boundary conditions in-
elude the following parameters: 
(1) properties of the piezoelectric crystal, e.g., 
elastic, piezoelectric and dielectric properties, 
(2) carrier mobility, 
(3) carrier density, 
(4) carrier diffusitivity (or temperature), 
(5) applied de electric field, 
(6) gap width, 
(7) thickness of semiconductor layer, 
(8) permitivity of the dielectric substrate, 
(9) frequency. 
From these parameters and the corresponding wave equations, 
the eigenvalues and eigenvectors may be calculated; hence 
enabling one to calculate the properties of the surface 
waves, e.g., 
(1) phase velocity, 
(2) attenuation, 
(3) amplification, 
(4) particle displacement, 
(5) stress and strain, 
(6) piezoelectric field, 
(7) electric field in the gap, 
(8) electric field . in the dielectric substrate, 
(9) electric field, . charge distribution, and current 
density in the semic"onductor layer. 
Presented results, which are given as illustrations, are 
mainly the gain or attenuation of the surface elastic 
waves, where only the eigenvalues are used. For investi-
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gators interested in the wave interactions, the eigenvalues 
along with the eigenvector s should reveal all the information 
which is described by the wave equations (correct or not) for 
these systems. If any justification has to be made, i.e., 
a slight modification of the wave equations and boundary 
conditions, the solution technique developed here should be 
applicable. 
6.3. SUGGESTI ONS FOR FUTURE I NVESTIGATION 
By using the same technique one may easily calculate 
t he f ollowing wav e s: 
(1) 
( 2) 
the Bleustein(40)_Gul yaev( 29 ) wave, 
the Stoneley wave, e.g., the thick semiconductor 
f ilm on piezoele ctr ic substrate, 
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(3) the Rayleigh and Love wave of a thin layer semi-
conductor film on piezoelectric substrate. 
Especially when considering the isotropic electrical param-
eters in semiconductor materials, the above problems should 
be less complicated than the System 5. 
The calculation of fast surface elastic waves (surface 
optical mode) has been attempted by the author on the basal 
plane of CdS semiconductors based on the same wave equation 
and boundary conditions as given in Chapter III, the boundary 
condition determinant does converge to a smaller value 
(approximately 3 orders smaller) for certain conductivity 
and frequency .whereas the surface acoustic wave always 
converges to a value of 9 orders smaller. However the 
wave equation, for the surface optical mode, may have to 
be considered in the sense of surface plasmons for CdS 
semiconductors, but the solution technique should be the 
same. 
Finally, it was the author's intent at the beginning 
of this study that this work would constitute his first step 
forward into this area. The study of surface elastic waves 
in piezoelectric materials, which combines the beauty of the 
eigenvalue and boundary value problems with the mystery of 
the iteration function methods for the solution of equations 
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APPENDIX A 
MATRIX ELEMENTS OF THE ELASTIC WAVE EQUATION 
The expansion of an elastic wave equation for particular 
crystal groups is tedious, hence the expansion of a general 
form elastic wave e quation is given here. For any particular 
crystal group, the wave equation may be obtained by deleting 
the vanishing elastic constant and eigen operators from the 
general expansion for certain wave orientation, rather than 
performing the expansion for each case, where it is easier 
to make errors. The elastic wave equation is 
jk tt = ( c .. k o L - o . . p L ) U 0 0 1J .(,. 1J m .(,. (A .1) 
there are three coupled wave equations. Two common ways of 
writing the matrix elements are presented in Table A.I and 
A. I I. 
Table A.l. Expansion of the Elastic Wave Equation 
11 21 31 
cllllL +cl211L +cl311L 
12 22 32 
+cl121L +cl221L +cl321L 
13 23 33 




11 21 31 
c2111L +c2211L +c2311L 
12 22 32 
+c2121L +c2221L +c2321L 
13 23 33 
+c2131L +c2231L +c2331L 
11 21 31 
c3111L +c3211L +c3311L 
12 22 32 
+c3121L +c3221L +c3321L 
13 23 33 
+c3131L +c3231L +c3331L 
11 21 31 
clll2L +cl212L +cl312L 
12 22 32 
+cl122L +c1222L +cl322L 
13 23 33 
+cll32L +cl232L +cl332L 
11 21 31 
c2112L +c2212L +c2312L 
12 22 32 
+c2122L +c2222L +c2322L 
13 23 33 




11 21 31 
c3112L +c3212L +c3312L 
12 22 32 
+c3122L +c3222L +c3322L 
13 23 33 
+c3132L +c3232L +c3323L 
11 21 31 
clll3L +cl213L +cl313L 
12 22 32 
+c1123L +cl223L +cl323L 
13 23 33 
+cll33L +cl233L +cl333L 
11 21 31 
c2113L +c2213L +c2313L 
12 22 32 
+c2123L +c2223L +c2323L 
13 23 33 
+c2133L +c2233L +c2333L 
11 21 31 
c3113L +c3213L +c3313L 
12 22 32 
+c3123L +c3223L +c3323L 
13 23 33 
+c3133L +c3233L +c3333L 
-pm Ltt 
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Table A.II. Expansion of the Elastic Wave Equation With Abbreviated Notation 
11 21 31 
c61L +c21L +c41L 
12 22 L32 
+c66L +c26L +c46 
13 23 33 
+c65L +c25L +c45L 
11 21 31 
c51L +c41L +c31L 
12 22 32 
+c56L +c46L +c36L 
13 23 33 
+cssL +c45L +c35L 
11 21 31 
c16L +c66L +c56L 
12 22 32 
+c12L +c62L +c52L 
13 23 33 
+c14L +c64L +c54L 
11 21 31 
c66L +c26L +c46L 
12 22 32 
+c62L +c22L +c42L 
13 23 33 




11 21 31 
c56L +c46L +c36L 
12 22 32 
+c52L +c42L +c32L 
13 23 33 
+c54L +c44L +c34L 
11 21 31 
c65L +c25L +c45L 
12 22 32 
c64L +c24L +c44L 
13 23 33 




MAXWELL'S SYSTEM OF EQUATIONS AND THE ELECTRIC FIELD WAVE 
EQUATION IN TENSOR NOTATION 
In order to correspond to notation generally used in 
the theory of elasticity necessary for dealing with piezo-
electric wave equations, Maxwell's equations are presented 
here in tensor notation. The tensor notation for the 
differential form of Maxwell's system equations are the 
three independent equations 
(B .1) 
j 
EijkL Hk = 
t J.+L D. 
l l 
(B. 2) 
LiJ. = Ltp l 
(B. 3) 
which are supplemented by the two dependent equations 
and the constitutive relations for simple media 
B . = JJH. 
l l 
(B. 6) 
D . = EE. 
l l 
(B. 7) 
J . = aE .• 
1. 1. (B. 8) 
For the piezoelectric semiconductors, the last three equa-
tions may be revised in the form 
B. = Jl H. 
1. 0 1. (B.6a) 
D . = e . . kLj uk+ E: • • E . 
1. l.J l.J J (B. 7a) 
J. = q(]l~. N+]l~. p) E.+qLj(D~. n-D~. p). 
1. l.J l.J J l.J l.J 
For n-type semiconductors, one may consider electrons only 
in the last equation then J. may be given as 
1. 
J. = a . . E. + qD .. Ljn. 
1. l.J J l.J (B. Sa) 
From equations (B.l) and (B.2) one has 
(B. 9) 
where E: ijk is the Levi-Civita tensor, a third rank tensor, 
which may be found in most tensor text books with the value 
of ±1 according to whether transposition of the subscript 





and Eij k = 0 if any two subscripts are the same. This tensor 
and the unit tensor, the Kronecker symbol oik play a special 
part in three-dimensional tensors. Their relation is 
ou 0. o . l.ffi l.n 
€ .. k €9, = 0 j9. 0. 0 . l.J mn Jill Jn 
ok9. 0km 0kn 
and one may see that 
1 0 0 
0 1 0 
0 0 1 
and 
Hence, the left hand side of equation (B.9) becomes 
and the equation (B.9) becomes 
which may be expressed in these equations: 
Ll2E +Ll3E (L 22+L 33) El 
t t 
- = -]..loL (J 1 +L Dl) 2 3 
L21E +L23E 
-
(Lll+L33) E2 = -]..loLt(J2+LtD2) 1 3 
L 31E +L 32E 
-
(Lll+L22) E3 = -]..loLt(J3+LtD3) 1 2 
The wave equation in vacuum may be given by letting 
J. = 0. 
1 




The wave equation for the piezoelectric insulator may be 
given by 
J = 0. 
In which case, equation (B.9a) becomes 
(Lim_ ~ . Ljj+ ~. Ltt) E + Ltt Li = O 
u1m ~0~1m m ~o eitm urn · (B.ll) 
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One can see the last term is related to mechanical displace-
ment which may be expressed in terms of an electric field, 





= c .. 0 L u 1J-t-rn m 
e .. 
e .. E = 0. 
ffi1 J m 
m1J E 
l m 
c .. 0 _L 1J.uu 
and equation (B.ll) may be written as 
= 0. 
For the piezoelectric semiconductor Ji is not zero. 





density n is eliminated by utilizing Poisson's equation for 
electronic, i.e . , 
n = 
then the wave equation becomes 
tt ' Lk 
+ ]1 L ( o . k-D .. LJ -) ek o~L u = 0. 
o 1 1J Lt u" m 
(B.l3) 
If J. contains a de term,that is a de electric field is 
1 
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applied, then the electron may be accelerated to a constant 
velocity v. where 
1 
0 
v . = ]1 • . E . (de) 
1 1] J 
and the small ac current density expression is given by 
equation (2.5), i. e., 
J. = a . . E. + q (v. +D .. Lj) n 
1 1] J 1 1J 
again by eliminating n one obtains the wave equation for 




MATRIX ELEMENTS OF THE WAVE EQUATIONS FOR THE FOUR SYSTEMS 
The generalized piezoelectric wave equations and their 
boundary conditions for the electric surface waves for the 
various systems were derived in Chapter 3. The expansion of 
all the terms of those wave equations will be given here. 
If the wave equation for the piezoelectric material is 










where A, B, C, and D are 3x3 submatrices, then 
(a) System 1 
B = -e .. L 
m~J 
C = -B 
D = 
j 
- E: . 
~m 
where the expansion o f A has been given in Appe ndix A, B is 
in the form 
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1 2 3 
-e111L -e112L -el13L 
1 2 3 
-e2llL -e212L -e213L 
1 2 3 
-e3llL -e312L -e313L 
1 2 3 
-el21L -e122L -el23L 
l 2 3 
-e221L -e222L -e223L 
l 2 3 
-e321L -e322L -e323L 
1 2 3 l 2 3 l 2 3 
-el3l L -el32L -e133L -e231L -e232L -e233L -e331L -e332L -e333L 
and D is 1n the form 
L22+L33 L12 Ll3 
- E: 11 - - E:l2 - - E:l3 Ltt Ltt Ltt 
]10 ]10 ]10 
L2l Lll+L33 L23 
-
- E: 2l - E:l2 - - E: 23 Ltt Ltt Ltt 
]10 ]10 ]10 
L31 L32 Lll+L22 
- - E: 31 - - E: 32 - E: 33 Ltt Ltt Ltt 
]1 0 ]10 ]10 
The wave equation in vacuum is 
[ 6 . . ( L kk- J.l E: L t t) - Li j ] = 0 
l.J o o Ej (C .1) 
which may be expanded in the form 
E1 E2 E3 
L22+L33_J.l E: Ltt 
0 0 
-L12 -L13 
-L21 L1l+L33_J.l E: Ltt 
0 0 
-L23 
-L31 -L32 L11+L32 _J.l E: Ltt 
0 0 
(b) System 2 
The submatrices A, B, and the wave equation in vacuum 
are the same as in System 1 but the submatrices C and D 
are different: 
. Lk 
c = -[o .k-(v.+D .. LJ) -t l. l. l.J L 
D = 
I 
- E: . l.m 
. Lk 
- (v.+D .. LJ ) -t ] E: km· 
l. l.J L 
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The full expansion of C is quite long. The first element 
of submatrix C is given below as an example: 
However, in the actual case most of the D . . and e. ' k vanish; ~J ~J 
hence the abridged expansion appears below. 
EXPANSION OF .. S'QBM4TRIX C OF SYSTEM 2 
- (v2+D 2 jLj) 
[1-(v2 +D 2 jLj)] 
- (v 3+DJj Lj) 
[l-(v3+D 3 jLj)] 
- (v2+D 2 jLj) 
[l-(v2 +D 2 jLj)) 
- (v 3+D 3 jLj) 
[1- (v3+D 3 jLj)] 
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EXPANSION OF SUBMATRIX D OF SYSTEM 2 
L22+L33 L12 L13 















L21 L33+L11 L23 
- - £21 - £22 - - £23 Ltt Ltt Ltt 
llo ll E: llo 0 
. l . l . l 
-




0 23+(v2+0 2jLJ)L £l3 





- £31 - - £32 - £33 Ltt Ltt ll £ Ltt llo llo 0 




0 32+(v3+D3jLJ)L £l2 
-
o33+(v3+D3jLJ)L £l3 
Lt Lt Lt 
I I 
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(c) System 3 
In the piezoelectric insulator side the submatrices 
A, B, C, and D are the same as in System 1. In semiconductor 
side the matrix elements of the wave equation are essentially 
the submatrix D of System 2. 
(d) System 4 
One need only add the wave equation (C.l) in the 
vacuum to System 3. 
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APPENDIX D 
MATRIX ELEMENTS OF THE PIEZOELECTRIC WAVE EQUATION FOR SOME 
SPECIAL CRYSTAL GROUPS AND THE BOUNDARY CONDITIONS 
The piezoelectric wave equation for a few special 
crystal groups are given here. The general form of the 
wave equation has been previously expressed in Appendix C 
as: 
A B u 
= 0. 
c D E 
If the crystals are insulators then the wave equation of 
System 1 is used. If the material is conductive then sub-
matrix C and D for the insul ator -need;v b_e ... replaced' by the sub-
matrices c and D for System 2, where the conductivity, 
diffus i ti vi ty and the applied de field are considered. 
A. Group 6mm (C ) , e.g., the hexagonal wurtzite I I -VI 6V 
compound semiconductors ZnO, CdS, and CdSe. 
The elas to-piezo- dielectric matrix for 6mm is 
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ell e12 el3 0 0 0 0 0 e31 
el2 ell el3 0 0 0 0 0 e31 
el3 el3 e33 0 0 0 0 0 e33 
0 0 0 e44 0 0 0 elS 0 
0 0 0 0 e44 0 elS 0 0 
0 0 0 0 0 e66 0 0 0 
0 0 0 0 elS 0 E:ll 0 0 
0 0 0 elS 0 0 0 E:ll 0 
e31 e31 0 e33 0 0 0 0 E: 3 3 
For the insulator case, the following special configurations 
are considered: 
(1) Ll = 0 
(2) L2 = 0 
( 3) L3 = o. 
For semiconductor cases, the configuration considered is 
one where: 
(4) 2 L = o, v = oil v 
and only the submatrices e and D are given since submatrix 
A and B do not change. Finally, a numerical example for 
eds insulator subject to the condition that 
2 1 3 . ( 5) L = 0 , L = 1 , L = 1 and L = 1 
is g i ven. 
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B. Groups 43m (Td), such as ZnS, ZnTe, CdTe, etc . 
In this case, the elasto-piezo-dielectric matrix is 
ell cl2 c12 0 0 0 0 0 0 
cl2 ell cl2 0 0 0 0 0 0 
cl2 c l2 ell 0 0 0 0 0 0 
0 0 0 c44 0 0 9 14 0 0 
0 0 0 0 c44 0 0 9 14 0 
0 0 0 0 0 c44 0 0 el4 
0 0 0 el4 0 0 8 11 0 0 
0 0 0 0 el4 0 0 Ell 0 
0 0 0 0 0 el4 0 0 Ell 
The wave equation g i ven f or i nsulator c a se is only f or the 
. . 1 0 . h d ' . 2 0 d 3 cond1. t1.on L = s1.nce t e con 1. t 1.on s L = a n L == o 
1 
are essent ially the s ame as for L = 0 . 
c. Group 3m (c3 v) s uch as LiNb03 a nd LiTao3 . 
Th e elasto-piezo-dielectric matrix is 
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ell el2 el3 el4 0 0 0 -e22 e31 
el2 ell el3 -el4 0 0 0 e22 e31 
el3 el3 e33 0 0 0 0 0 e33 
el4 -el4 0 e44 0 0 0 el5 0 
0 0 0 0 e44 el4 el5 0 0 
0 0 0 0 el4 e66 -e22 0 0 
0 0 0 0 el5 -e22 sll 0 0 
-e22 e22 0 el5 0 0 0 sll 0 
e31 e31 e33 0 0 0 0 0 s 33 
the wave equations are given for insulator cases where: 
(1) Ll = 0 
( 2) L2 = 0 
( 3) L3 = o. 
In the following nine (9) pages, there are the matrix 
elements of the piezoelectric wave equation for the above 
mentioned particular crystal groups and wave orientations , 
and one numerical example. 
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1 6nun L · = 0 
ul u2 u3 El E2 E3 
L22+ L33_ Ltt 3 
c66 c44 Pm -el5L 
22 L33_p Ltt 32 3 2 ~22L +c44 (cl3+c 44) L -elSL -e31L m 
32 22 L33_p Ltt 2 3 {cl3 +c 44) L P44L +c33 -elSL -e33L m 
3 L22+L33 




elSL elSL F-22 Ltt Ltt ].lo ].lo 
2 3 L32 L22 
e31L e33L Ltt E:33- Ltt 
].lo ].lo 
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ul u2 u3 El E2 E3 
ll L33_p Ltt 13 3 1 
cllL +c44 (cl3+c44)L -elSL -e31L m 
r Lll+ L33_ Ltt 3 ~66 c44 Pm -elSL 
13 ll L33_p Ltt l 3 (cl3 +c 44) L ~44L +c33 -elSL -e33L m 
3 1 L33 Ll3 
elSL elSL Ell- Ltt Ltt ).10 ).10 
3 Lll+L33 
elSL €22- Ltt 
).10 
l 3 L31 Lll 
e33L -e31L Ltt 33 Ltt 
).10 ).10 
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/ u1 u2 u3 El E2 
-' 
E3 
11 22 Ltt 12 21 1 
c11L +c66L -p rn c12L +c66L -e31L 
/ 
13 11 22 tt > 2 (c21 +c66) L P66L +c11L -prn4 . I -e31L I 
p (L11+L22)- Ltt L 2 
-e L I 
-e15L 44 Pm · 15 . 
I 
' I L22 1 




e15L 22 Ltt 







6mm, 2 L = 0, 
Submatrix C 
u1 
3 v+DL1 13 
e15L - Lt L (e15+e31) 
1 DL3 31 






+£__ +(1- vL1+DLll 

















+ E22 Lt 






1 v+DL1 11 33 
el5L - Lt (el5L +e33L ) . 
3 DL3 11 33 
e33L - Lt (e15L +e33L ) 
E3 
Ll3 (v+DL1 )L1 
- E33 Ltt Lt ].10 
-L1l 
+ £__ + (1- DL33 --) E33 Ltt Lt Lt ].10 
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2 1 3 t 0 = 0, D . = 0, v. = 0 6nun CdS, L - 0, L - i, L = 1, L = -i, ij ii 1 
ul u2 u1 El E2 E3 
-0.61234x1o11 0.0 11 
0.21000 0.0 




0.0 0.93186x1o11 0.0 -0.44000 
0.66040x1o11 0.0 21000 0.0 
0.21000 0.0 0.26587 0.0 




0.0 0.44000 0.0 
-0.265887 
-.24400 0.0 -.265887 0.0 
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22 33 tt 
cllL +c44L -pmL (c 44+cl2) L 23 -el4L 3 
23 22 L33_ p Ltt 2 (c44+cl2) L c44L +ell -el4L m 
3 2 L22+L33 




el4L Ell- Ltt Ltt ].1 0 ].1 0 
2 L32 L22 
el4L . tt Ell- Ltt l1 L 0 ].10 
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3m Ll = 0 
' 
ul u2 u1 El E2 E3 
22 
c66L +(c56+c65)L 32 
2 . 3 
r-ei6L -elSL 
+ L33_ Ltt 
c55 Pm 
' 
22 32 ~22L +(c42+c24)L 2 3 2 
+c L33_ Ltt 
-e22L -e24L -e3 2L 
44 Pm 
22 23 22 L33_ p Ltt 2 3 
c42L +(c32+c44)L c44L +c33 m r-e24L -e33L 
L22+L33 
E:l l- Ltt ~0 
2 3 2 L33 
L23 
- Ltt e22L +e24L e24L 22 Ltt ~0 ~0 
2 3 L32 L22 





3m L2 = 0 , 
ul u2 u3 El E2 E3 
11 L33_p Ltt 13 31 3 1 / ,... L 1 ' c11L +css (c14+c 56) L (c13+css> L r-e15L -e21L e31 m 
/ / 
I 
31 11 L33 Ltt 11 1 3 I (c 41 +c65) L P66L +c44 Pm . c65L / re16L -e24L 
13 11 11 33 tt 1 3 (c31 +css> L Ps6L ~55L +c33L -pmL ~e 15L re33 L 
3 1 8 15L1 L33 
L13 
e15L ~16L 
- ~ Ltt / 11 Ltt / )Jo 0 I 
1 3 L33+L11 
e21L ~24L E:22- Ltt 
JJo 
1 3 L31 L11 




3m, L3 = 0 
u1 u u E1 E2 E3 2 1 
11 22 tt 
(c12+c66) L12 21 2 1 1 P11L +c66L -pmL (c14+c64)L -e16L -e L -e L 21 31 
(c21 +c66) L12 c L11+c L22_p Ltt c L11+c L22 1 2 2 ~66 22 m 65 24 -e16L -e22L -e32L 
) 12 b L11+c L22 c Ll1c L22_p Ltt 1 2 (c56+c41 L r--'56 42 55 44 m -e15L -e24L 
22 L12 2 1 1 L 
e16L e16L e15L €11- Jl Ltt lJoLtt 0 
1 2 2 L21 11 
e21L e22L e24L L 
Ltt 22- Jl Ltt llo 0 
1 2 L22+L11 
e31L e32L E: 33-
Ltt JJo 
D. Example of General Appearance of the Boundary Condition 
Matrix. 
As an example of the general appearance of the boundary 
condition matrix, the matrix for Y-Z cut LiNbo 3 of System 5 
is given here for the elastic surface propagating in the 
direction <001 > and along the surface <010 > with L1 = 0. 
The boundary condition for System 5 may be written in matrix 
form, (cf. equation (3.5.1)). 
rll rl2 rl3 0 0 0 0 0 0 0 gl 
r21 r22 r23 0 0 0 0 0 0 0 g2 
r31 r32 r33 r34 r35 0 0 0 0 0 g3 
r41 r42 r43 r44 r45 0 0 0 0 0 fl 
0 0 0 r r r r r r 0 f2 = 0 54 55 56 57 58 59 
0 0 0 r64 r65 r66 r67 r68 r69 0 pl 
0 0 0 0 0 r76 r77 r78 r79 0 p2 
0 0 0 0 0 r86 r87 rss r89 0 p3 
0 0 0 0 0 r96 r97 rgs rgg r910 p4 
0 0 0 0 0 rlo6rlo7rlosrlo9rlolo w 
with 
2 3 2 A3i-e24B2i r2i = (c42Lpi +c44L )A2i+c44Lpi 
2 L3) 2 A +E22B 
r3i = (e22L . + ~ A2i+e24Lpi 3i 2i p~ 24 
r4i = B 3i 
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where i = 1,2,3 
r 34 = - EOF21 
Bh 
r35 - E F e 1 0 22 
r 44 = -F 31 Bh 
r4s = -F e 1 32 Bh 
r54 = E F e l 0 21 
r 5 = € F s - o --22 
r 64 = F · e Bhl 31 
r6s = F 32 
The submatrix 
rlOlO 









33 y d ( o- E: DL ) P e 1 






THE QUASISTATIC APPROXIMATION 
Previously the electric field of interest here is the 
slow wave field and the phase velocity is the elastic sur-
vace wave velocity. It is of the order of 10 3m/second for 
most piezoelectric materials, while the ordinary electro-
magnetic wave has a phase velocity of the velocity of light 




where E is the dielectric constant of that material; this 
phase velocity is the order of 10 8m/second. For illustration 
purposes, one may assume the scalar wave equation 
assuming a plane wave 
then one has 
or 
i (kx. -wt) E ~ e 1. 












where ~is in the order of l0-10 , and then the second term 
v 
c 
may be neglected in the wave equation, leaving only 
which is equivalent to 
E = 0 
where E is the gradient of a scalar potential; 
also 
then the piezoelectric wave equation(c.f., Sect'ion 3.1) 
becomes 
k.t _tt jk u. i~R. jL -o ij PtnL· e .. kL Jl J 
= 0 (E .1) 
ik ij cpp e.k.L -EijL 1 J 
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and the boundary condition becomes 
k k C .. k L u -ek .. L ¢ = 0 lJ .e. .e. lJ p 
It can be seen in equation (E.l) that ·the matrix operator 
is 4x4 and the boundary conditions reduce to two equations 





The general procedure for computing is given below: 
A. Given values and increments (if any) 
(1) parameters of the piezoelectric materials to be 
used 
(2) parameters of the semiconductor material to be 
used 
(3) gap width 
( 4) thickness of the semiconductor layer 
(5) permitivity of the dielectric substrate 
(6) limit of the number of iterations of L3 (attenua-
tion constant) and L1 (wave vector) 
(7) estimated values for L1 and L3 
(8) error tolerance for L1 and L3 
(9} frequency. 
B. Define other two values for L1 and L3 , respectively, 
i.e., for first two iterations. 
L1 (1) = L1 (3) + increment 
L1 (2) = L1 (3) - increment 
Ll(3) = estimated value 
for each L1 (i) there are: 
L3 (1) = L3 (3) + increment 
L3 ( 2) = L3 (3) 
- increment 
L3 ( 3) = estimated value. 
After the first two iterations the increment change to 
their numerical differences of their previous values of 
L1 and L3 , respectively. 
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C. Calculate the matrix elements of the wave equation in 
piezoelectric material of the system. 
D. Calculate the determinant of the matrix and find all 
the eigenvalues L3 of the matrix for each Ll by the 
iteration scheme, where three sets of L3 will be obtain. 
E. Calculate the eigenvalue L3 of other wave equations , 
i.e., wave equation in the g ap , semiconductor a nd sub-
strate respect to each L1 . Substitute all the L3 of 
various region along with their L1 into the boundary 
conditions ma trix, wi th the same iteration scheme f ind 
the value of L1 by repeating the steps B, C, and D 
until both L1 and L3 are within their d ef ine d tolerances. 
F. Calculate eigenve ctors a nd weighting v e ctors from t he 
wave equation matrix of various regions and boundary 
conditions matrix. 
